Abstract. We prove that generic higher Deligne-Lusztig representations over truncated formal power series are non-nilpotent, when the parameters are non-trivial on the Lie algebra of the central torus. We then introduce a combinatorial analogue of Deligne-Lusztig theory for general and special linear groups over local rings; this construction generalises the higher Deligne-Lusztig representations and affords all the nilpotent orbit representations. For GL n it also affords all the regular orbit representations and the invariant characters of the Lie algebra.
Introduction
Let O := F q [[π] ] be a complete discrete valuation ring in characteristic p, and let G be a connected reductive group over O. Here we are interested in the representation theory of G(O). As a profinite group, each of its smooth representations factors through G(O r ) for some r ∈ Z >0 , where O r := O/π r ; this draws our attention to the representations of G(O r ) for r runs over all positive integers.
In the level 1 case, that is, the case r = 1, these groups are finite groups of Lie type, and the studies of their representations are to a large extent influenced by the marvellous work of Deligne and Lusztig [DL76] since 1976. For r ≥ 1, there is a natural generalisation of this work, as pointed out by Lusztig [Lus79] , by viewing these reductive groups over finite local rings as certain algebraic groups over the finite residue field; some fundamental results on this aspect were first established by Lusztig himself 25 years later in [Lus04] . However, due to the nature of these algebraic groups (they are usually neither reductive, nor solvable), the corresponding proofs are much more difficult than the r = 1 case, and the properties of this generalisation are not yet well-understood.
The works of Deligne-Lusztig and Lusztig made an extensive use ofétale topology of varieties over finite fields, and are referred to as the geometric approach to the representations of G(O r ). Meanwhile, there are also algebraic methods, like Clifford theory and orbits, which link the representations of these groups with the orbits in the corresponding finite Lie algebras. Indeed, it is believed that to uniformly describe all irreducible representations of these groups is a hopeless task, and one shall start by focusing on smaller families of representations; at least for G = GL n , the algebraic methods suggest the following three families to be first considered:
• nilpotent (orbit) representations;
• regular (orbit) representations;
• semisimple (orbit) representations. These families were defined in terms of adjoint orbits via Clifford theory, and it would be very interesting to understand how they interact with the geometric representations of DeligneLusztig type. This paper gives an attempt on this aspect. In Section 2 we review some of the above notions.
Let θ denote a linear character of T(O r ), where T is a maximal torus of G. When θ is generic enough, Lusztig associated to it an irreducible representation R θ T of G(O r ), by viewing G as an object over F q ; it is called a higher Deligne-Lusztig representation in [CS17] . Previously, based on the explicit computations in [Lus04] , certain nilpotent representations
2 ) were shown to be unrealisable in higher Deligne-Lusztig theory in [Sta11] . In Section 3, we prove that (when p is not too small) for any G with a connected centre, if θ is also non-trivial on the finite Lie algebra of the central torus, then the representation R θ T can never be nilpotent; see Theorem 3.1. Our method is a combination of an adaptation of a general principle of Lusztig and a generalisation of a characterisation of nilpotent representations of Hill.
Within the above result, it is desired to find a suitable way to extent the family of higher Deligne-Lusztig representations to cover all the nilpotent representations. The first attempt has been made for GL n and SL n by Stasinski in [Sta11] , in which he introduced an extension using tamely ramified tori, and proved that, for n = r = 2, all the missing nilpotent representations can be afforded in his construction. In Section 4 we give another extension for general and special linear groups, by applying Lusztig's idea "view an object over O r as an object over the residue field" to flags. Our method is different and more elementary, reflecting some group theoretical feature appeared in the r = 1 case. By explicit arguments we show that our construction affords all the nilpotent representations for GL n and SL n , for any n and r; see Theorem 4.2.
In Section 5 we turn to regular orbits. Using a work of Hill on an analogue of GelfandGraev modules, we deduce that our construction mentioned above affords all the regular orbit representations of GL n (O r ) (see Corollary 5.2), as well as the so-called invariant characters of the finite Lie algebra.
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Preliminaries
In this section we recall the notions in higher Deligne-Lusztig representations following [Lus04] , and recall the notions concerning orbits following [Hil95, 2.4]. 
as groups. There is a natural (geometric) Frobenius endomorphism F on G such that
as finite groups. A closed subgroup scheme H ⊆ G is called F -stable or F -rational, if F H ⊆ H. We define the Lang isogeny (on G) with respect to F to be L :
Fix a prime ℓ = p. For any variety X over F p (in this paper, by a variety we mean a reduced quasi-projective scheme) we have the compactly supported ℓ-adic cohomology groups H i c (X, Q ℓ ), which are finite dimensional vector spaces over Q ℓ . Let B = U ⋊ T be a Borel subgroup of G, where U is the unipotent radical and T is an F -stable maximal torus; let B, U, T be the corresponding closed subgroup of G. Note that G F and T F act on the variety L −1 (F U) by the left translation and the right translation, respectively; this induces a
Definition 2.1. The virtual representation
where θ ∈ T F is an irreducible Q ℓ -character of T F , is called a higher Deligne-Lusztig representation of G F ; here the subscript (−) θ means the θ-isotypical part.
For 1 ≤ i ≤ r, the reduction map O r → O i modulo π i induces an algebraic group surjection
we denote the kernel by G i := G i r . Note that all these G i are F -stable. Similar notation applies to the closed subgroups of G. Now fix a character θ ∈ T F . If the stabiliser of
denotes the norm map and a ∈ Z >0 is any integer such that T α is F a -stable, then we say θ is regular. We have: In the remaining of this section let r ≥ 2; note that G r−1 can be viewed as the additive group of the Lie algebra g of G 1 , and the conjugation action of G on G r−1 becomes the adjoint action of G 1 on g (as the conjugation action of G on G r−1 factors through G 1 ).
For any irreducible Q ℓ -representation σ of G F , consider the restriction σ| (G r−1 ) F ; by Clifford theory (see e.g. [Isa06, 6 .2]) we have
where e ∈ Z >0 and Ω(σ) is a G Now suppose there exists a non-degenerate G 1 -invariant bilinear form
(This requires that p is not too small unless G = GL n ; see e.g. the discussions in [Let05, 2.5]). Fix a non-trivial character φ :
The map y → φ y induces a bijection from the set of adjoint G To avoid possible confusions we sometimes also use the term nilpotent (resp. regular, semisimple) orbit representation.
Inner products and (non-)nilpotency
Throughout this section we assume the existence of a non-degenerate G 1 -invariant bilinear form µ(−, −) : g × g → F q defined over F q , as well as the existence of a G 1 -equivariant isomorphism ǫ from the nilpotent variety of g to the unipotent variety of G 1 defined over F q . (For example, this holds if either p is very good for G and q is big enough, or G = GL n ; see e.g. [Let05, 2.5] and [Car93, 1.15].) We assume additionally that G has a connected centre; note that Z(G) r−1 can be viewed as the Lie algebra of the centre of G 1 .
2 ) are missed in higher Deligne-Lusztig theory. Along this direction, we prove the following result which suggests that, for every group with a nontrivial connected centre, the intersection of the set of higher Deligne-Lusztig representations and the set of nilpotent representations is always small. 
By [Che18, 3.1] the inner product (2) equals to the Euler characteristic
Write y =ŷy 1 and x =xx 1 , whereŷ ∈ G 1 ,x ∈ F U 1 , y 1 = ρ r,1 (y) ∈ G 1 , and x 1 = ρ r,1 (x) ∈ F U 1 . Applying ρ r,1 to the defining equation x ′ F (y) = yx of Σ we see that
and yx =ŷy 1x x 1 , thus Σ can be re-written as
The identification Σ = Σ ′ is T F -equivariant under the action of T F on Σ ′ given by:
1 , y 1 ). Now consider the restriction of the above action of (T 1 ) F to the subgroup (Z(G) r−1 ) F ; this restriction extends to the whole connected algebraic group Z(G) r−1 via:
1 , x 1 ,ŷy 1 ty In the rest of the proof we assume that B ′ is F -stable (in particular, we would have 
Now the theorem follows from the below lemma: 
By linearity it suffices to show that µ(u 
By (3), for any y ∈ u ′F we have φ y | (B ′r−1 ) F = 1 (see the notation in Section 2), thus Frobenius reciprocity and dimension counting imply that
As ǫ is defined over F q , by [DM91, 3.20] every nilpotent G This completes the proof of the theorem.
Note that, in the case r is even, under some further conditions the above theorem can also be deduced from the main result in [CS17] . Also note that, the argument of Lemma 3.2 holds without the assumption that G has a connected centre.
Flags and Deligne-Lusztig constructions
In the case r = 1, a Deligne-Lusztig variety is by definition the Lang isogeny twist of a Bruhat cell, that is, the variety L −1 (B 0 wB 0 )/B 0 , where B 0 is an F -stable Borel subgroup of G and w is an element in the Weyl group of an F -stable maximal torus T 0 of B 0 ; while this definition admits fruitful geometric/combinatorial flavour, in the study of its cohomology spaces, one usually passes to certain affine bundle over a T wF 0 -torsor of the variety. More precisely, in the study of cohomology one usually focuses on the variety L −1 (F U), which can be described as:
(P) The preimage of the unipotent radical of a (not necessarily F -stable) Borel subgroup along a Lang map.
In the general r ≥ 1 case, we followed this treatment and took the Deligne-Lusztig representations to
as in Definition 2.1. However, unless r = 1, property (P) is no more true, namely, the unipotent group U = U r is no more the unipotent radical of B = B r (as T = T r ∼ = B/U has a non-trivial unipotent radical T 1 ).
In the remaining part of this section we assume G = GL n or SL n .
We want to find a natural analogue of Deligne-Lusztig construction for G, such that it fulfils the following four requirements in a suitable way:
• The involved family of varieties contains the varieties L −1 (F U) for all U; • all the nilpotent representations can be afforded by the cohomologies of the involved varieties; • property (P) holds in a natural way;
• if r = 1, then it coincides with the classical Deligne-Lusztig theory [DL76] . Note that for general and special linear groups over an algebraically closed field, a Borel subgroup can be viewed as the stabiliser of a complete flag over the field; one of the starting points of our construction is to simulate Lusztig's idea "view an object over O r as an object over the residue field F q " for flags.
Consider the
n , on which G acts in a natural way. Here we
n we mean a sequence of linear subspaces over F q : Now consider the triple (F , C, θ), where F is an admissible flag, C an F -stable Cartan subgroup of N G (U F )
• (recall that a Cartan subgroup is by definition the centraliser of a maximal torus), and θ ∈ C F an irreducible Q ℓ -character of C F ; we call such a triple an admissible triple. Note that L −1 (F U F ) admits the left translation action of G F = G(O r ) and the right translation action of C F .
Definition 4.1. For an admissible triple (F , C, θ), we put
which is a virtual representation of G(O r ).
In the below, we show by an explicit argument that R θ F ,C yields all the higher DeligneLusztig representations and the nilpotent representations; in particular, this construction fulfils the above four requirements.
Theorem 4.2. We have:
is an irreducible constituent of R θ F ,C for some admissible triple (F , C, θ). Proof. We can assume r ≥ 2. Let us start with the following observation:
is an injective ring morphism. Moreover, by taking inverse limits, this map extends to a map
preserving the addition and multiplication.
Proof. This follows from direct computations.
Now we view G = G r as a closed subgroup of GL nr via the above injection, where GL nr is understood as the automorphism group of the F q -vector space with the standard basis
We want to prove (i) and (ii) by constructing explicit flags via this basis. 
By direct computations with the aid of Lemma 4.3, we see B F = T 1 U, whose unipotent radical is U F = U, as desired.
Moreover, T is a Cartan subgroup of G by [Sta12, 4.13] , hence a Cartan subgroup of the group N G (U F ). In particular, (F , T, θ) is an admissible triple. This proves (i).
(ii): Again let B be the standard upper Borel subgroup. From Lemma 3.2 and the argument of Theorem 3.1 it is sufficient to construct an admissible flag F with an F -stable U F ⊆ B r−1 , as then we would have
(Note that the argument of Lemma 3.2 holds also for G = SL n when p is very good.)
We divide the situation into two cases, r ≥ 3 and r = 2; in the case r ≥ 3 we will construct an F such that the equality U F = B r−1 holds.
Case-I (r ≥ 3): We construct F reversely through three steps as follows.
The first step is the following partial flag F ′ :
n , x
1 , x
2 , ..., x
2 , ..., x 
1 , x subgroup of B 1 = B r−1 , as desired. Note that in both the r ≥ 3 case and the r = 2 case, we can take C to be T , the algebraic group corresponding to the standard maximal torus of G.
This completes the proof of the theorem.
On regular orbits
Throughout this section we assume G = GL n with r ≥ 2, and let B be the standard upper Borel subgroup and T the standard maximal torus. Here we focus on the regular orbit representations of GL n (O r ); to construct them via algebraic methods has a long history, and is completed recently in [SS17] and [KOS18] .
We recall the works in [Hil95] concerning an analogue of Gelfand-Graev modules. Let ψ be a Q ℓ -linear character of U F . Let U i,i+1 , i = 1, · · · , n − 1, be the root subgroups for the simple roots.
, where U i,i+1 is the algebraic group corresponding to U i,i+1 , we have ψ = i ψ i where
. The character ψ is called non-degenerate, if ψ i does not factor through (U r−1 i,i+1 )
F for ∀i ∈ {1, · · · , n − 1}. Non-degenerate characters of U F exist and are all conjugate by B F .
When ψ is non-degenerate, Γ ψ := Ind Moreover, there is also a multiplicity one result due to Anna Szumovicz (unpublished) and Patel-Singla [PS18] .
Using the above proposition we easily deduce that:
Proof. Let F be given by (we follow the notation in the proof of Theorem 4.2) . So the assertion follows from Proposition 5.1.
In the remaining part of this section let r = 2.
A Q ℓ -character of the finite abelian group g F ∼ = (G 1 ) F is called an invariant character if it is invariant under the adjoint action of G(F q ); an invariant character is called irreducible if it is not the sum of two non-zero invariant characters. This notion has interesting relations with character sheaves; see [Lus87] and [Let05] . Letellier conjectured in [Let09] that, for any non-zero irreducible invariant character Ψ, there is a higher Deligne-Lusztig representation ρ such that Ψ, Res G F (G r−1 ) F ρ g F = 0; this was proved for GL 2 and GL 3 in [CS17] . Now, from the argument of Corollary 5.2 we see immediately that the conjecture is true for any GL n if we allow all the Deligne-Lusztig representations associated to admissible triples: Indeed, from the argument of Corollary 5.2, there is an F such that U F = U 1 , so by Mackey's intertwining formula and Frobenius reciprocity we have Ψ, Res 
